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1. Check the validity of the maximum principle for the harmonic function f(x, y) = 1−x2−y2
1−2x+x2+y2 in the

disk D̄ = {x2 + y2 ≤ 1}.
Solution: The maximum principle is not valid for f(x, y) in the closed unit disk. More precisely,

f(x, y) = 1−x2−y2
(1−x)2+y2 , then f(x, y) > 0 on the open disk and in particular f(0, 0) = 1. On the other

hand, f(x, y) = 0 on the unit circle x2 + y2 = 1 except x = 1, y = 0, and limx→1,y→0 f(x, y) doesn’t
exist.

However, this example does not voilate the maximum principle, since f(x, y) isn’t continuous up to
the boundary.

2. The Exterior of a Circle

Consider the following Dirichlet problem for the exterior of a circle
uxx + uyy = 0, x2 + y2 > a2

u = h(θ), x2 + y2 = a2

u is bounded as x2 + y2 →∞

Solution: In polar coordinates, it suffices to solve

r2urr + rur + uθθ = 0, a < r <∞, 0 < θ < 2π

u = h(θ), 0 < θ < 2π

u(r, 0) = u(r, 2π), a < r <∞
uθ(r, 0) = uθ(r, 2π), a < r <∞
u is bounded as r →∞

Find a seperable solution in polar coordinates, u = R(r)Θ(θ). Thus by the equation, we have

r2R′′ + rR′

R
= −Θ′′

Θ
= λ(constant)

Solve the eigenvalue problem {
Θ′′ = −λΘ, 0 < θ < 2π

Θ(0) = Θ(2π), Θ′(0) = Θ′(2π)

Thus the eigenvalues are λn = n2 and the corresponding eigenfunctions are

Θn = an cosnθ + bn sinnθ, n = 0, 1, 2, · · ·

It remains to solve
r2R′′ + rR′ − λR = 0, a < r <∞

When n = 0, r2R′′ + rR′ = 0, thus R0(r) = c0 + d0 ln r. When n ≥ 1, Rn(r) = cnr
−n + dnr

n. Since u
is bounded as r →∞, thus R0(r) = c0, Rn(r) = cnr

−n
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Thus

u(r, θ) =
∞∑
n=0

Rn(r)Θn(θ)

=a0c0 +

∞∑
n=1

cnr
−n(an cosnθ + bn sinnθ)

=
A0

2
+
∞∑
n=1

r−n(An cosnθ +Bn sinnθ)

Set r = a,

h(θ) =
A0

2
+
∞∑
n=1

a−n(An cosnθ +Bn sinnθ)

where

An =
an

π

∫ 2π

0
cosnθh(θ)dθ, n = 0, 1, · · ·

Bn =
an

π

∫ 2π

0
sinnθh(θ)dθ, n = 1, 2, · · ·

Actually, this series can be summed explicitly.

u(r, θ) =
r2 − a2

2π

∫ 2π

0

h(φ)

r2 + a2 − 2ar cos θ − φ
dφ (in polar coordinates)

u(~x) =
|~x|2 − a2

2πa

∫
|~x|=a

u(~x′)

|~x− ~x′|2
dS(~x′) (in rectangle coordinates)

3. The annulus
Consider the following Dirichlet problem for an annulus

uxx + uyy = 0, 0 < a2 < x2 + y2 < b2

u = h(θ), x2 + y2 = a2

u = g(θ), x2 + y2 = b2

Solution: In polar coordinates,

r2urr + rur + uθθ = 0, a < r < b, 0 < θ < 2π

u = h(θ), 0 < θ < 2π

u = g(θ) 0 < θ < 2π

u(r, 0) = u(r, 2π), a < r < b

uθ(r, 0) = uθ(r, 2π), a < r < b

Find a seperable solution in polar coordinates, u = R(r)Θ(θ),

r2R′′ + rR′

R
= −Θ′′

Θ
= λ(constant)

Solve the eigenvalue problem {
Θ′′ = −λΘ, 0 < θ < 2π

Θ(0) = Θ(2π), Θ′(0) = Θ′(2π)

Thus the eigenvalues are λn = n2 and the corresponding eigenfunctions are

Θn = an cosnθ + bn sinnθ, n = 0, 1, 2, · · ·
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It remains to solve
r2R′′ + rR′ − λR = 0, a < r < b

When n = 0, r2R′′ + rR′ = 0, thus R0(r) = c0 + d0 ln r. When n ≥ 1, Rn(r) = cnr
−n + dnr

n.

Thus

u(r, θ) =

∞∑
n=0

Rn(r)Θn(θ)

=a0(c0 + d0 ln r) +
∞∑
n=1

(cnr
−n + dnr

n)(an cosnθ + bn sinnθ)

=
A0

2
+
B0

2
ln r +

∞∑
n=1

(Anr
−n +Bnr

n) cosnθ + (Cnr
−n +Dnr

n) sinnθ

Set r = a,

h(θ) =
A0

2
+
B0

2
ln a+

∞∑
n=1

(Ana
−n +Bna

n) cosnθ + (Cna
−n +Dna

n) sinnθ

and r = b

g(θ) =
A0

2
+
B0

2
ln b+

∞∑
n=1

(Anb
−n +Bnb

n) cosnθ + (Cnb
−n +Dnb

n) sinnθ

where
A0

2
+
B0

2
ln a =

1

π

∫ 2π

0
cos θh(θ)dθ

Ana
−n +Bna

n =
1

π

∫ 2π

0
cosnθh(θ)dθ, n = 1, 2, · · ·

Cna
−n +Dna

n =
1

π

∫ 2π

0
sinnθh(θ)dθ, n = 1, 2, · · ·

A0

2
+
B0

2
ln b =

1

π

∫ 2π

0
cos θg(θ)dθ

Anb
−n +Bnb

n =
1

π

∫ 2π

0
cosnθg(θ)dθ, n = 1, 2, · · ·

Cnb
−n +Dnb

n =
1

π

∫ 2π

0
sinnθg(θ)dθ, n = 1, 2, · · ·
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