Tutorial 10
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1. Check the validity of the maximum principle for the harmonic function f(z,y) = Tom 2 1

disk D = {22 + 9% < 1}.
Solution: The maximum principle is not valid for f(x,y) in the closed unit disk. More precisely,

flz,y) = d:iﬁ%, then f(z,y) > 0 on the open disk and in particular f(0,0) = 1. On the other

hand, f(z,y) = 0 on the unit circle 22 + y? = 1 except * = 1,y = 0, and lim, 1 50 f(z,y) doesn’t
exist.

However, this example does not voilate the maximum principle, since f(z,y) isn’t continuous up to
the boundary.

2. The Exterior of a Circle

Consider the following Dirichlet problem for the exterior of a circle

Upy + Uy =0, 2% +y* > a®
u = h(6), 2?4+ y* = a?

w is bounded as 2% + y? — o0

Solution: In polar coordinates, it suffices to solve

72U + U +ugg =0, a <71 <00,0<b<2rm
u = h(#), 0<0<2m
u(r,0) = u(r,2m), a<r<oo
ug(r,0) = ug(r, 2m), a<r<oo
u is bounded as r — 00

Find a seperable solution in polar coordinates, u = R(r)©(f). Thus by the equation, we have

R’ +rR B Gl’

7 o = A(constant)

Solve the eigenvalue problem
0" = -)\O, 0<60<2rm
0(0) = 0(27), ©'(0)=6'(27)

Thus the eigenvalues are )\, = n? and the corresponding eigenfunctions are

O, =aycosnf + b,sinnd, n=0,1,2,---

It remains to solve
PR"+rR —AR=0, a<r <o

When n =0, r2R" + rR' = 0, thus Ry(r) = co +doInr. When n > 1, R, (r) = c,7~" + d,7". Since u
is bounded as r — oo, thus Ry(r) = co, Rn(r) = cpr™"



Thus -
u(r,0) = R (r)On(0)
n=0

o
=agcy + Z cnr” " (an cosnb + by, sinnd)
n=1

A o
:70 4 nz:l r~"(Ay cosnf + B, sinnf)

Set r = a,
AO - —n .
h(0) = o> + Z:l a " (Ay cosnb + B, sinnb)
where
a” 2
A, = / cosnOh(0)do, n=0,1,---
™ Jo

n

2
Bn = / Slnneh(e)d97 n = ]_727 e
0

s

Actually, this series can be summed explicitly.

2 2 2
— h
u(r,0) = r 27Ta /0 e prr . 2(53 - ¢d¢ (in polar coordinates)

=212 _ 2 =/
u(f) = ]w|a/ ﬁd‘g(i") (in rectangle coordinates)
27a |7|=a | — T2

. The annulus
Consider the following Dirichlet problem for an annulus

Upy + Uy = 0, 0<a? < a?+y? <b?
u=h(0), 2?4+ y* = a?
u=g(0), o +y? =0’

Solution: In polar coordinates,

(U + T +ugg =0, a<r<b0<0<2r
u = h(6), 0<0<2m
u=g(0) 0<0<2rm
u(r,0) = u(r, 2m), a<r<b

[ ug(r,0) = ug(r, 27), a<r<b

Find a seperable solution in polar coordinates, u = R(r)©(6),

7"2R” 4 TR/ B @//

7 5 = A(constant)

Solve the eigenvalue problem
0" = -)\O, 0<60<2rm
©(0) = ©(27), ©'(0) = 6'(2r)

Thus the eigenvalues are A, = n? and the corresponding eigenfunctions are

0, =apcosnb + b,sinnf, n=0,1,2,---



It remains to solve
PR'"+rR —AR=0, a<r<b
When n =0, r?R" +rR' = 0, thus Ro(r) = co +doIlnr. When n > 1, R,,(r) = cp,r ™" + dpr™.
Thus -
0) = Rn(r)On(0)
n=0

=ag(co + doInr) + Z(cnr_" + d,,r")(ay, cosnb + by, sinnb)
n=1
[o¢]

Ay B
:?0 + ?0 Inr+ Z(Anr_” + Bpr™) cosn + (Cpr™ "™ + Dypr™) sinnf

Set r = a,
Ao BO n n s
h() =5+ In G+Z 0@~ + Bpa™) cosnd + (Cra™™ + Dypa™) sin nd
and r =b
Ay By > _ _ .
9(0) = =+ Inb+ > (Apb™" + Byb™) cosnf) + (Cpb ™™ + Dpb") sinnd
n=1
where )
A B 1 4
L —01 / cos Oh(0)do
2 T Jo

1 27
Ana~" + Bpa® = / cosnBh(0)dh, n=1,2,---
T Jo

1 271'
Cna™™ + Dya" = / sinnfh(0)df, n=1,2,---
™ Jo

Ay B 1 [
24 —Olnb = / cos 0g(6)do
2 T 0

1 27
Apb™" + Bpb" = / cosnflg()df, n=1,2,---
™Jo

1 21
Cpb™ ™" + Dpb"™ = / sinnfg(0)do, n=1,2,---
T Jo



